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The Chou, Gao and
Zhang method

1. Find a point which is not used to
build any other point.
•The theorem must be stated

constructively.
2. Eliminate every occurrence of

this point from the goal.
•We need some theorem to elim-

inate the point.
3. Repeat until the goal contains

only free points.
4. Deal with the free points.
5. Check if the remaining goal (an

equation on a field) is true.

Elimination lemmas

Construction
Description Elimination formulas

(Nondegeneracy condition) SABY = If AY ‖ CD then AY

CD
=
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YP Q

Take Y on line PQ

such that PY

PQ
= λ.

(P 6= Q)
λSABQ + (1 − λ)SABP
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if A ∈ PQ

SAPQ

SCPDQ
otherwise1.
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Y Take Y at the intersection of PQ and UV .
(PQ ∦ UV )

SPUVSABQ+SQV USABP

SPUQV
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SAUV

SCUDV
if A 6∈ UV

SAPQ

SCPDQ
otherwise.
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R Y Take Y on the parallel to PQ passing through R

such that RY

PQ
= λ.

(P 6= Q)
SABR + λSAPBQ
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if A ∈ RY

SAPRQ

SCPDQ
otherwise.
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Take Y at the intersection of UV

and the parallel to PQ passing through R.
(PQ ∦ UV )

SPUQRSABV−SPV QRSABU

SPUQV
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SAUV

SCUDV
if A 6∈ UV

SAPRQ

SCPDQ
otherwise.
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W Take Y at the intersection of the parallel to PQ passing
through R and the parallel to UV passing through W .

(PQ ∦ UV )

SPWQR

SPUQV
.SAUBV + SABW
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SAPRQ

SCPDQ
if AY ∦ PQ

SAUWV

SCUDV
otherwise.

The axiomatic
Points Point : Set

Field
F is a field
2 6= 0

Signed distance
· : Point → Point → F

AB = 0 ⇐⇒ A = B

Signed area
S : Point → Point → Point → F

SABC = SCAB

SABC = − SBAC

Chasles’axiom SABC = 0 → AB + BC = AC

Dimension
∃A, B,C : Point, SABC 6= 0

SABC = SDBC + SADC + SABD

Construction
∀r : F ∃P : Point, SABP = 0 ∧ AP = rAB

A 6= B
∧ SABP = 0 ∧ AP = rAB

∧ SABP ′ = 0 ∧ AP ′ = rAB
→ P = P ′

Proportions A 6= C → SPAC 6= 0 → SABC = 0 → AB

AC
= SPAB

SPAC

The formalization of some geometric notions
Geometric notions Formalization

A,B and C are collinear SABC = 0

AB ‖ CD SABC = SABD

I is the midpoint of AB AB

AI
= 2 ∧ SABI = 0

AB ⊥ BC PABC = 0

AB ⊥ CD PACD = PBCD

A = B PABA = 0

The midpoint theorem using Coq
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A’B’
Let ABC be a triangle, and let A′ and B′ be the
midpoints of BC and AC respectively. Then the
line A′B′ is parallel to the base AB.

forall A B C A’ B’ : Point, midpoint A’ B C -> midpoint B’ A C ->
parallel A’ B’ A B.

At this step it would be enough to type autogeom to solve the goal us-
ing our decision procedure, but for this presentation we mimic the behavior
of the decision procedure using some sub-tactics. For this presentation the
fact thatA, B, C, D and E are of type point has been removed from the
context.
geoInit.

H : on_line_d A’ B C (1 / 2)
H0 : on_line_d B’ A C (1 / 2)
============================
S A’ A B’ + S A’ B’ B = 0

eliminate B’.

H : on_line_d A’ B C (1 / 2)
============================
1 / 2 * S A’ A C + (1 - 1 / 2) * S A’ A A +
(1 / 2 * S B A’ C + (1 - 1 / 2) * S B A’ A) = 0

basic_simpl.

H : on_line_d A’ B C (1 / 2)
============================
1 / 2 * S A’ A C + (1 / 2 * S B A’ C + 1 / 2 * S B A’ A) = 0

eliminate A’.

============================
1 / 2 * (1 / 2 * S A C C + (1 - 1 / 2) * S A C B) +
(1 / 2 * (1 / 2 * S C B C + (1 - 1 / 2) * S C B B) +
1 / 2 * (1 / 2 * S A B C + (1 - 1 / 2) * S A B B)) = 0

basic_simpl.

============================
1 / 2 * (1 / 2 * S A C B) + 1 / 2 * (1 / 2 * S A B C) = 0

unify_signed_areas.

============================
1 / 2 * (1 / 2 * S A C B) + 1 / 2 * (1 / 2 * - S A C B) = 0

field_and_conclude.

Proof completed.
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