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Choice

Several proposals to avoid (countable) choice in constructive
mathematics.
Richman:

@ Black box interpretation of

e Abstract data types,
can be modeled (impredicatively) by existential types
(Mitchell, Plotkin)

@ Local continuous choice
@ sheaf models
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Several proposals to avoid (countable) choice in constructive
mathematics.
Richman:

@ Black box interpretation of

e Abstract data types,
can be modeled (impredicatively) by existential types
(Mitchell, Plotkin)

@ Local continuous choice
@ sheaf models

More importantly, the mathematics gets better.
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Choice

Several proposals to avoid (countable) choice in constructive
mathematics.
Richman:

@ Black box interpretation of 3

e Abstract data types,
can be modeled (impredicatively) by existential types
(Mitchell, Plotkin)

@ Local continuous choice

@ sheaf models

More importantly, the mathematics gets more uniform.
E.g.Richman’s proof of the fundamental theorem of algebra.
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Richman’s challenge

Richman

Measure theory and the spectral theorem are major challenges
for a choiceless development of constructive mathematics and |
expect a choiceless development of this theory to be
accompanied by some surprising insights and a gain of clarity.
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Richman’s challenge

Richman

Measure theory and the spectral theorem are major challenges
for a choiceless development of constructive mathematics and |
expect a choiceless development of this theory to be
accompanied by some surprising insights and a gain of clarity.

To address this | will use a pointfree approach.
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Point Free Topology

Choice is used to construct ideal points (real numbers,
max. ideals).

Avoiding points one can avoid choice and non-constructive
reasoning.
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Point Free Topology

Choice is used to construct ideal points (real numbers,
max. ideals).
Avoiding points one can avoid choice and non-constructive
reasoning.
Point free approaches to topology:

@ Formal topology/ locale theory (formal opens)

@ C*-algebras (formal continuous functions)

These formal objects model basic observations

Bas Spitters Point-free Integration Theory without Choice



Motivation
Observational integration theory Motivation
Summary

Point Free Topology

Choice is used to construct ideal points (real numbers,
max. ideals).

Avoiding points one can avoid choice and non-constructive
reasoning.

Point free approaches to topology:

@ Formal topology/ locale theory (formal opens)
@ C*-algebras (formal continuous functions)

These formal objects model basic observations
Similar approaches for integration theory
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Algebraic Integration Theory

Stone
Bishop’s spectral theorem

Kolmogorov:
Set-theoretical measure theory not satisfactory:

@ o-additivity
@ Probability zero does not imply absolute impossibility
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Algebraic Integration Theory

Stone
Bishop’s spectral theorem

Kolmogorov:
Set-theoretical measure theory not satisfactory:

@ o-additivity
@ Probability zero does not imply absolute impossibility

Start with Boolean algebra of sets which is o-complete
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Algebraic Integration Theory

Stone
Bishop’s spectral theorem

Kolmogorov:
Set-theoretical measure theory not satisfactory:

@ o-additivity
@ Probability zero does not imply absolute impossibility

Start with Boolean algebra
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Algebraic Integration Theory

Stone
Bishop’s spectral theorem

Kolmogorov:
Set-theoretical measure theory not satisfactory:

@ o-additivity
@ Probability zero does not imply absolute impossibility

Start with Boolean algebra
Approaches are equivalent classically
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Algebraic Integration Theory

Stone
Bishop’s spectral theorem

Kolmogorov:
Set-theoretical measure theory not satisfactory:

@ o-additivity
@ Probability zero does not imply absolute impossibility

Start with Boolean algebra
Approaches are equivalent classically
cf. formal topology, locale theory

Start with Heyting algebra of open sets
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Algebraic Integration Theory

Stone
Bishop’s spectral theorem

Kolmogorov:
Set-theoretical measure theory not satisfactory:

@ o-additivity
@ Probability zero does not imply absolute impossibility

Start with Boolean algebra
Approaches are equivalent classically
cf. formal topology, locale theory
Start with Heyting algebra of opens
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Stone
Bishop’s spectral theorem

Boolean Algebra

Cogquand/Palmgren:

Boolean algebra A of basic observables with a measure .
The measure defines a metric d,, on A.

Complete (.A,d,,) to obtain a complete measure space.
[metric completion instead of o-completion]
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Stone
Bishop’s spectral theorem

Boolean Algebra

Define the integral on the simple functions

/chXA. = cin(A)

Complete wrt the norm [ |f].
Riemann/Lebesgue integral is obtained from the Boolean
algebra of rational intervals and u((a, b)) := |b — a|.
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Bishop’s integration theory

Stone
Bishop’s spectral theorem

Daniell’'s functional analytic approach to integration theory:
Start with pos linear functional [ on C(X). X locally compact
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Bishop’s integration theory

Stone
Bishop’s spectral theorem

Daniell’'s functional analytic approach to integration theory:
Start with pos linear functional [ on C(X). X locally compact
Constructive version by Bishop:

Complete wrt the norm [ |f|

Lebesgue-integral is the completion of the Riemann integral.
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Bishop’s integration theory

Stone
Bishop’s spectral theorem

Daniell’'s functional analytic approach to integration theory:
Start with pos linear functional [ on C(X). X locally compact
Constructive version by Bishop:

Complete wrt the norm [ |f|

Lebesgue-integral is the completion of the Riemann integral.
One obtains L; as the completion of C(X).

C(X) — ,Cl
!
L1
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Bishop’s integration theory

Stone
Bishop’s spectral theorem

Daniell’'s functional analytic approach to integration theory:
Start with pos linear functional [ on C(X). X locally compact
Constructive version by Bishop:

Complete wrt the norm [ |f|

Lebesgue-integral is the completion of the Riemann integral.
One obtains L; as the completion of C(X).

C(X) — ,Cl
N
Ly

Bas Spitters Point-free Integration Theory without Choice



Motivation
Observational integration theory
Summary

Integration f-algebras

Stone
Bishop’s spectral theorem

We generalize Bishop/Cheng and the Boolean algebra
approach: towards integration f-algebras (formal functions)

Definition
An f-algebra is a vector lattice (Riesz space) which has an
algebra structure compatible with the lattice space structure.

That is, fg > 0, whenever f,g > 0, and if f A g = 0, then
hf Ag =0, for all h.

One can prove that a> > 0, |ab| = |a||b| and thatifa A b = 0,
then ab = 0.
Example: algebras of (continuous) functions
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Stone
Bishop’s spectral theorem

Integration algebras

Segal’s integration algebras

Definition
An integration algebra is a real Abelian algebra A with a linear
functional |
@ I(a®) > 0andI(a?) = 0iffa=0.
@ All elements are bounded: For all b € A there exists a € R
such that I(ba?) < al(a?) for all a € A.

Algebra of simultaneously observable quantities.
I(a) is the expection an event a.
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Stone
Bishop’s spectral theorem

Integration algebras

Segal’s integration algebras

Definition
An integration algebra is a real Abelian algebra A with a linear
functional |
@ I(a®) > 0andI(a?) = 0iffa=0.
@ All elements are bounded: For all b € A there exists a € R
such that I(ba?) < al(a?) for all a € A.

Algebra of simultaneously observable quantities.

I(a) is the expection an event a.

These can be used to give a new and constructive proof of the
Peter-Weyl theorem for the representation of compact groups.
(Coquand/Spitters).
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Integration f-algebras

Stone
Bishop’s spectral theorem

Generalizing Bishop’s definition.
Definition
An integral | on an f-algebra is a positive linear functional | on L

such that I(aAn) — I(a) and I(a A 1/n) — 0 when n tends to
co. An f-algebra with an integral we call an integration f-algebra.

Every integration f-algebra with a strong unit is an integration
algebra.

Examples
Simple functions on a Boolean algebra, (C(X), [), (L1, [),...

Bas Spitters Point-free Integration Theory without Choice



Most of Bishop’s results generalize to integration f-algebras!
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Stone
Bishop’s spectral theorem

Profile theorem

Most of Bishop’s results generalize to integration f-algebras!
But we need a substitute of the profile theorem.

A positive variant of: ‘every increasing function has atmost
countably many discontinuities.

It implies that integrable functions can be approximated by
simple functions. This is used for instance to prove that ¢ o f is
integrable, when ¢ is a test function.
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Profile theorem

Most of Bishop’s results generalize to integration f-algebras!
But we need a substitute of the profile theorem.

A positive variant of: ‘every increasing function has atmost
countably many discontinuities.

It implies that integrable functions can be approximated by
simple functions. This is used for instance to prove that ¢ o f is
integrable, when ¢ is a test function.

However,
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Stone
Bishop’s spectral theorem

Profile theorem

Most of Bishop’s results generalize to integration f-algebras!
But we need a substitute of the profile theorem.

A positive variant of: ‘every increasing function has atmost
countably many discontinuities.

It implies that integrable functions can be approximated by
simple functions. This is used for instance to prove that ¢ o f is
integrable, when ¢ is a test function.

However,

it also implies that the reals are uncountable.
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Stone
Bishop’s spectral theorem

Profile theorem

Most of Bishop’s results generalize to integration f-algebras!
But we need a substitute of the profile theorem.

A positive variant of: ‘every increasing function has atmost
countably many discontinuities.

It implies that integrable functions can be approximated by
simple functions. This is used for instance to prove that ¢ o f is
integrable, when ¢ is a test function.

However,

it also implies that the reals are uncountable.

We use Stone representation as a substitute.
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Stone representation

Stone
Bishop’s spectral theorem

Stone representation theorem:

‘Every f-algebra can be embedded in a space of continuous
functions’
Used in two ways:

@ Substitute for the profile theorem
@ Towards spectral theorem
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Stone
Bishop’s spectral theorem

Stone representation

Three interpretations of this space.
@ as in ordinary space, for which we need classical logic and
the axiom of choice (Stone);

@ as a point-free space, which can be done constructively
without the axiom of countable choice (Coquand);

© as a compact metric space, which can be done in Bishop’s
constructive mathematics when R is a separable ring of
normable operators on a separable Hilbert space (Bishop).

We will later see how 3 follows from 2.
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Stone
Bishop’s spectral theorem

Applying Stone

Let (A, ) be an integration f-algebra

By Coquand’s Stone representation theorem:

A is may be embedded into a formal space of continuous
functions C(X) and | can be extended to C(X).
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Stone
Bishop’s spectral theorem

Bishop’s spectral theorem

Bishop’s spectral theorem defines an embedding of a space of
bounded integrable functions into a space of operators.

The Stone representation theorem can be used to define such
an embedding for continuous functions.

Stone’s theorem can be used to prove Bishop’s spectral
theorem.
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Bishop’s spectral theorem

Stone
Bishop’s spectral theorem

The proof is based on a simple observation:

Theorem

Let (A, 1) be an f-algebra and an integration algebra. Suppose
that I(ab?) > 0, for all b € A. Then a is positive in the f-algebra
A.

Consequently, (\A, 1) is an integration f-algebra.

Bishop’s spectral theorem now follows from Stone’s theorem,
where the previous theorem is used to show that the bound is
preserved.
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Summary

@ Observational mathematics

e Topology
e Measure theory

@ Integration f-algebras (meeting Richman’s challenge).

e ‘functions’ instead of ‘opens’
e Most of Bishop's results can be generalized to this setting!

@ New (easier) proof of Bishop's spectral theorem using
Coguand’s Stone representation theorem (formal topology)
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