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The setoidformalism fr om

�

�

�

�

mX modules

����
��
��
��
��
��
�� f ields

��
commutative r ings

--ZZZZZZZZZZ
r ings rX; one

qqdddddddddddd

abelian groups

��
--[[[[[[[[[[[
groups min

��abelian monoids
��

--[[[[[[[[[

monoids zero

��
abelian semigroups

--ZZZZZZ
semigroups +'

��
setoids ='

��
Type

Subsetsin formalisedlinearalgebra– p.4/22



The setoidformalism (contd.)
p

A � �
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is a triple A := hX; = 0; pAi wherepA
provesthat=' is anequivalencerelationonX.
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:
a = 0 a0 in A!
? (f a) = 0 (f a0) in B
? (P a) ( ) (P a0)

p
Usethis typefor functions:
Record Map ( A B:Setoid) :Type :=
{ Ap :> A -> B ;

prf : a =' a' -> Ap a =' Ap a'}
p

Similarly Predicate A
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Subsets(1)

Thesetoidpart _set Ahas:
p

carrierPredicate A
p

equalityP= 0 Q def( ) [8a : A:(P a) ( ) (Q a)]

Every suchPredicateP: (part _set A) induces:
Record subtype (P : part_set A) :=

{ subtype_elt : A
; subtype_prf : P subtype_elt }

� � � � � �
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� P  � a : A: P(a)

�




�

subtype
�

elt �= � 1
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Subsets(2)

Any predicateB : part _set Ais coercedto a
(sub)setoidB: Setoid , with:
p

carrier subtype B (�= �a : A: (B a))
p

equality x = 0 x0 in B def( )
(subtype_elt x) = 0(subtype_elt x0) in A

(i.e. ha; Hai = 0 ha0; Ha0i def( ) a = 0 a0)

Coercionsmake thefollowing well-typed:
A : Setoid ; a : A

B : part_set A ; x : B

whencex � ha; Hai with a : A; Ha : Pa
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Dealingwith subsets
p

typetheory:

B : (part _set A) ( ) B : Setoid �=
h� a : A: P(a); :::; :::i

x : B ( ) x �= ha; Hai

x : B f : A ! Z  (f x)    
p

Comparewith settheory:
B � A ( ) 8x 2 B:x 2 A

a 2 B f : A ! Z  f (a) 2 Z OK

Weneedsubtype_elt �= � 1 asacoercion
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Dealingwith subsets
p

x � ha; Hai
p

x andsuptype_elt x bothrepresenta
p

subtype_elt x � a lives“one level higher”:

A

B

q q

q

q q

q

6

subtype_elt

r

ra

x
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Map_embed

To say“X
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” weneed:

X � V X: part _set V
ha0; :::; an� 1i 2 Fn a : (seq n F)
hv0; :::; vn� 1i 2 X n v : (seq n X)

for which X

i<n

ai � vi = 0V OK

however:
(sum (mult_by_scalars a v))    
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Map_embed

X: (part _set V) is an �

�
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:
p

a : (seq n F); v : (seq n X) is OK, but
p

nomultiplication (ai mXvi is unde�ned)
p

noaddition (even“just” sum v is unde�ned)
p

wemustapplysubtype_elt to eachvi

Moregenerally, wheneverB:(part_set A) ,

Map_embed: (MapZ B) ! (MapZ A)

(sum(mult _by_scalars a (Map_embedv))) OK
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Map_embed
p

Both f andMap_embedf representf
p

Map_embedf lives“one level higher”

A

B

q q

q

q q

q

Z

f : Z ! B

Map_embedf : Z ! A
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inject_subsets
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W � V�
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9W0 � W
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� V

Definition is _basis (X : part _set V) :=
generates X (full V) ^ lin _indep X

W: (part _set V)

W0 : (part _set W)

(is _basis W0)    

W0 lives2 levelsbelow V, not1.
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inject_subsets

w: W0  (subtype_elt w) : W

 (subtype_elt (subtype_elt w)) : V

Theseform asubsetof Vcorrespondingto W0.

Generally, for B : (part _set A),

inject _subsets :

(part _set B) ! (part _set A)

(inject _subsets C) is thePredicate basedon

� a : A: [9c : C: a = 0 (subtype_elt (subtype_elt c))]
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inject_subsets

W0 andinject _subsets W0 bothrepresentW0
inject _subsets W0 lives“one level higher”:

V

W

q q

q

q q

q

6

subtype_elt

(inject _subsets W0)

W0

q

q

q

q

q

q

6

subtype_elt

6

subtype_elt

6

subtype_elt

r

r
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� � inject_subsetsify
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Lemmainject _subsets _lin _dep :

forall (W: subspace V) (X : part _set W);

lin _depX ( ) lin _dep (inject _subsets X):

lin _dep X v : (seq n X )

we need: v : (seq n (inject _subsets X))

(inject _subsets X) representsthesameX asX, one

level higher. Subsetsin formalisedlinearalgebra– p.16/22



� � inject_subsetsify
p

wehavev : (seq n X)

p
v : (seq n (inject _subsets X)) needed.

p
(inject _subsets X) is onelevel above X.

p
Map_embedlifts sequencesonelevel.

p
Map_embedv : (seq n W)

new function:

inject _subsetsify : W0 ! (inject _subsets W0)

plusits inverseuninject _subsetsify
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p
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� � inject_subsetsify

V

W

q q

q

q q

q

(inject _subsets W0)

W0

q

q

q

q

q

q

6

subtype_elt

6

subtype_elt

6

subtype_elt

r

r

?

uninject _subsetsify

6

inject _subsetsify
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map_{between|to}_equal_subsets

Subsetsmaybegivenin differentguises:
p

X1 := (span W) v. X2 := (span (span W))
p

X1 := f a; b; cg v. X2 := thesetof ha; c; c; b; a; bi

CorrespondingPredicate saredifferenttoo!

x : X1 � ha; Hai x : X2 � ha; H0
ai

whereHa andH0
a havedifferenttypes.

map_between_equal_subsets : X1 = 0 X2 ! X1 ! X2

map_to _equal_subsets : X1 = 0 X2 !

(MapZ X1) ! (MapZ X2)
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Map_include
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 span(X 1) � span(X 2)

Fromw: (span (inject _subsets X1)) we get

a : (seq n F); v : (seq n (inject _subsets X1))

thatwemustturn into

a : (seq n F); v : (seq n X2)

Map_include : (included X1 X2) !

(MapZ X1) ! (MapZ X2)
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Conclusions
p

In math,vectorscanbemembersof several
subsetsbesidesthespaceitself

p
Dueto Coq's uniquetyping, thesetoidformalism
canaccomodatesubsetsonly sowell

p
Mathematicalobjects(vectors,sequences,...)
needseveralrepresentations

p
In

�
�

�

�

���

I used8 different“pure type-cast”
operations

p
Eventhesubsetrelation� is formalisedin 2
differentways
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The End

Thankyou!

Questions?
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