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A is atriple A:= hX; =% pai wherepa
provesthat=" Is anequwvalencerelationon X.

a=%a"in Al

? (fa =2 (¢ a)in B

2 (Pa) () (Pa)

Usethis typefor functions:

Record Map (A B:Setoid) Type =
{ Ap > A -> B ;

prf . a = a -> Ap a = Ap al}

Similarly Predicate A



Subsets(1)

carrier

Every suchPredicate” : (part set A) induces:
Record subtype (P : part_set A) =

{ subtype_elt . A
,  Subtype prf . P subtype_elt }
P a:.A Pa)

subtype elt = 4
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Any predicateB: part set Aiscoercedo a
(sub)setoi®3 : Setoid , with:

P subtype B (= a :A (B a))
P x =%x%in B (%

(subtype elt x) =°(subtype elt x9 in A
(e. hacHi =%l Hd (Y a =0a
Coerciongnake thefollowmg well-typed:

A . Setoid ; a . A

B: part set A ; Xx : B
whencex M Hl witha: A H,: Pa
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:'! typetheory:

A B: (part _set A () B =

% h a:A Pa); ::;

E i X:B () X = ha; Hil

! i x:B f: Al Z (f X)
P Comparewith settheory:
B A () 8x2Bx2A
a2B f . Al Z f(a)2Z OK

We needsubtype elt = asacoercion
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X andsuptype elt x bothrepresent
subtype elt x alives“onelevel higher”:
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Vo, iV 1l 2 X" V:(seqnX

. Tosay“X " we need:
X V X:part _set V
g, :s;an 1l 2 F" a:(seqnk

for which X
a Vi = Oy OK

LS T

however:
(sum (mult_by scalars a v))

B



X: (part _set V)isan

a.(seqn F;v:(seq n X isOK, but

no multiplication (& mXv; Isunde ned)
no addition (even®just” sumyv is unde ned)
we mustapplysubtype elt  toeachv;

EC ¢ E—
(@ (@ (@ [
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More generallywhene&er B:(part_set A),

Mapembed (MapZ B)! (MapZ A

B

(sum(mult_by scalars a (Mapembeav))) OK
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Bothf andMapembedf represent
Map embedf lives“one level higher”

qq A q_q

R ¢ Y

Mapembedi\ . Z! A
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T w V. W V
Wy W V

Definition I1s _basis (X: part _set V) =
generates X (full W~ lin _indep X

W. (part _set V)

W . (part _set W
(Is _basis W)

W lives2 levelsbelowv V, not 1.



w:W  (subtype elt w:W
(subtype elt (subtype elt w) :V

i Theseform a subsebf Vcorrespondindo VY.
Generallyfor B: (part _set A,

AW
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Inject _subsets :
(part _set B)! (part _set A

(iInject _subsets O isthePredicate basedn

a:A[9c: Ca="subtype elt (subtype elt c))]



ﬂ W andinject subsets W bothrepresent/\/,

4 inject subsets W lives“onelevel higher”:
. qqq vV q
= . 616 .
§ E ¢ subtype elt
l v I 3 subtype_elt
" i . - W
q — 6_q
' (inject _subsets W) |
subtype_elt
q |r_:q




W V X W
T X W ff V

Lemmanject subsets lin dep:
forall (W subspace V) (X: part _set W,
in _depX () lin _dep (inject subsets X):

LS TR
R ¢ Y

in dep X V:(seqg n X )
we need:. Vv :(seq n (inject subsets X))

I

(Inject _subsets X) representthesamex asX one
level highet



()inject_subsetsify
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O O O 0O

wehavev : (seq n X

V:(seqg n (inject _subsets X)) needed.
(iInject _subsets X) isonelevel above X
Map embedifts sequencesnelevel.
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wehavev : (seq n X

V:(seqg n (inject _subsets X)) needed.
(iInject _subsets X) isonelevel above X
Map embedifts sequencesnelevel.
Mapembedyv : (seqg n W
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wehavev : (seq n X

V:(seqg n (inject _subsets X)) needed.
(iInject _subsets X) isonelevel above X
Map embedifts sequencesnelevel.
Mapembedyv : (seqg n W

O O O 0O O

new function:

Inject subsetsify :W! (inject subsets W)

plusits inverseuninject _subsetsify
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a ag V a
- 6 16 .
subtype elt
. subtype_elt
4 . W
q — 6 q
6 (inject _subsets W) ;
; subtype_elt
. |Inject _subsetsify :
| uninject _subsetsify |
q 2 g
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Subsetsnaybegivenin differentguises:

P Xy = (span W v. X = (span (span W)

P Xq .= fa;b;cgv. X = thesetof ha; c; c; b; a; b
Correspondind’redicate saredifferenttoo!

X: X  haHy X: % e H
whereH, andH have differenttypes.

map between equal subsets : X =% ! X !
mapto equal subsets : X =2X% |
(MapZ X)) ! (MapZ X)

Xo



y X, X, Vv
'I T span(Xi) span(X5,)

Fromw: (span (inject _subsets X;)) we get

a.(seqnP); v:(seqg n (inject subsets X))
thatwe mustturn into

a.(seqnk); v:i(seqn X)

Mapinclude : (included X; X)!
(MapZ X)) ! (MapZ X)
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In math,vectorscanbemem
subset®esidesghespacatse

Dueto CoqQ's uniquetyping,t

nerof several
f

ne setoidformalism

canaccomodatsubsetonly sowell

Mathematicabbjects(vectors,sequences,.)
needseseralrepresentations

In | used8 different“pure type-cast”

operations

Eventhesubsetrelation Isformalisedin 2

differentways



The End

Questions?
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